This paper is concerned with controlled nonlinear impulsive evolution equations with nonlocal conditions. The existence of PC-mild solutions is proved, but the uniqueness cannot be obtained. By constructing approximating minimizing sequences of functions, the existence of optimal controls of systems governed by nonlinear impulsive evolution equations is also presented.
Introduction
Since the end of last century, impulsive evolution equations and impulsive optimal controls have attracted much attention because many evolutional processes are subject to abrupt changes in the form of impulses (see [-] ). Indeed, we can find numerous applications in demography, control, mechanics, electrical engineering fields, and so on. Recently, there has been significant development in impulsive differential equations and optimal controls. For more details, we refer to the monographs of Ahmed [] , and the references therein. There are many papers discussing the impulsive differential equations and impulsive optimal controls with the classic initial condition: x() = x  (see [, , , , ]). How does one look for suitable optimal controls when the uniqueness of solutions of controlled impulsive equations cannot be obtained? In spite of some attempts and efforts, the previous method is not entirely satisfactory. New techniques must be given. In particular, nonlocal differential equations have been studied extensively in recent years [, , , ]. But the existence of optimal controls of systems governed by nonlocal impulsive evolution equations with the initial condition x() + g(x) = x  seems to be rarely involved. In this paper, we consider the following controlled nonlocal impulsive equation:
x (t) = Ax(t) + f (t, x(t)) + B(t)u(t), t ∈ [, T], t = t i , x() + g(x)
= x  , u ∈ U ad , x(t i ) = J i (x(t i )), i = , , . . . , q,  < t  < t  < · · · < t q < T,
where A : D(A) ⊆ X → X is the infinitesimal generator of strongly continuous semigroup S(t) for t >  in a real Banach space X, f is a nonlinear perturbation, J i (i = , , . . . , q) is a nonlinear map and x(t i ) = x(t
, g is a given X-valued function, the control u ∈ U ad , U ad is a control set which we will introduce in Section .
By introducing a reasonable mild solution for (.) that can be represented by integral equation, we show the existence of feasible pairs. Moreover, a limited Lagrange problem of system governed by (.) is investigated. Due to the lack of uniqueness of feasible pairs, we mainly apply the idea of constructing approximating minimizing sequences of functions twice and derive the existence of optimal controls. It is different from the usual approach that the Banach contraction mapping theory is applied directly to prove the existence of optimal controls if the uniqueness of feasible pairs cannot be obtained. Therefore our results essentially generalize and develop many previous ones in this field.
This paper is organized as follows. In Section , we give some associated notations and recall some concepts and facts about the measure of noncompactness, fixed point theorem and impulsive semilinear differential equations. In Section , the existence results of controlled nonlocal evolution equations are obtained. In Section , the existence of optimal controls for a Lagrange problem is established. Finally, an example is presented to illustrate our results in the last section.
Preliminaries
Let X be a real Banach space. L(X) is the class of (not necessary bounded) linear operators in X. 
We introduce the Hausdorff measure of noncompactness α defined on each bounded subset of E by
The following fixed point theorem plays a key role in the proof of our main results. 
In addition, let r be a finite positive constant, and set B r := {x ∈ X : x ≤ r} and
Controlled impulsive differential equations
In this section, we consider the following controlled nonlocal impulsive problem:
First, we give the following hypotheses:
Theorem . Assume that there exists a constant r >  such that the conditions (A), (F), (B), (G), (J), and (R) are satisfied. Then the nonlocal problem (.) has at least one PC-mild solution on [, T].
In order to obtain the existence of solutions for controlled impulsive evolution equations and optimal controls, we need the following important lemma, which can easily be proved (refer to Lemma . and Corollary . in Chapter  of []).
Lemma . Suppose S(t) is a compact C  -semigroup on Banach space X and the operator B satisfies the condition (B). If p >  and define
Proof of Theorem . The proof is divided into the following three steps.
Step . Let x  ∈ X be fixed. We define a mapping 
fixed point in PC([, T]).
Step . We show that H maps W r into itself. By conditions (F), (B), (G), (J), one obtains, for each x ∈ W r , (Hx)(t)
By (R) we have Hx ∈ W r .
Step . In the sequel, we show that H is continuous in W r . Letting x  , x  ∈ W r , we have
This, together with (F)(), (G), (J), shows that H is continuous.
Step . Now we prove that H has at least one fixed point. Set
for any x ∈ W r . By (G), one obtains that the mapping  is compact in W r , and hence α(  W r ) = . Similarly, it follows from (A), Arzela-Ascoli's theorem, and Lemma . that the mapping  is also compact in W r . Therefore, α(  W r ) = . On the other hand, noticing that
Consequently,
By condition (R) we have Assume that 
Existence of optimal controls
In the section, we give the existence of optimal controls for system (.).
Let x u ∈ W r denote the PC-mild solution of system (.) corresponding to the control u ∈ U ad , we consider the following limited Lagrange problem (P):
where
and x  ∈ W r denotes the PC-mild solution of system (.) corresponding to the control
We make the following assumption:
is Borel measurable; () l(t, ·, ·) is sequentially lower semicontinuous on X × Y for a.e. t ∈ [, T]; () l(t, x, ·) is convex on Y for each x ∈ X and a.e. t ∈ [, T]; () there are two constants
c ≥ , d >  and φ ∈ L  ([, T]; R) such that l(t, x, u) ≥ φ(t) + c x + d u p Y .
Remark . A pair (x(·), u(·)) is said to feasible if it satisfies system (.) for x(·)
Theorem . Assume that condition (L) is satisfied. Under the conditions of Theorem ., the problem (P) has at least one optimal feasible pair.
Proof The proof is divided into the following four steps.
Step . For any u ∈ U ad , set
If there are finite elements in Sol(u), there exists some
If there are infinite elements in Sol(u), there is nothing to prove in the case of
We assume that
By the definition of the infimum there exists a sequence {x
n= is a sequence of feasible pairs, we have
S(t -s) f s, x u n (s) + B(s)u(s) ds
(  .  )
Step . Now we will prove that there exists some
To show it, we first prove that {x u ∈ U ad . Taking the limit n → ∞ in both sides for (.), according to the continuity of S(t), g, J i , and f with respect to the second argument, and using the dominated convergence theorem, we deduce that
which implies that x u ∈ Sol(u).
Step . We claim that J(
, by the definition of a feasible pair, and using the assumption [L] and Balder's theorem, we have
If inf u∈U ad J(u) = +∞, there is nothing to prove. Assume that inf u∈U ad J(u) < +∞. Similar to Step , we can prove that inf u∈U ad J(u) > -∞, and there exists a sequence Note that U ad is closed and convex, so it follows from the Mazur lemma that u  ∈ U ad . For n ≥ , x u n is the mild solution for (.) corresponding to u n , where J(u n ) attains its minimum. Then (x u n , u n ) is a feasible pair and satisfies the following integral equation:
We know that {  x u n } 
, by the condition (L) and Balder's theorem, we obtain
Therefore,
Moreover,
i.e., J attains its minimum at u  ∈ U ad .
Remark . Constructing approximating minimizing sequences of functions twice plays a key role in the proof of looking for optimal controls, which enable us to deal with the multiple solution problem of feasible pairs. More importantly, this will allow us to study more extensive and complex evolution equations and optimal controls problems. Moreover, we have the following consequences. Then the problem (P) has at least one optimal control on
We use the following assumptions instead of (J) and (R):
. . , q, are continuous and compact mappings.
We may apply Schauder's second fixed point theorem to obtain the existence of PCmild solutions. Note that H is a continuous mapping from W r to W r . We need to prove that H is a compact mapping. In fact, we already proved that  and  are both compact operators in Theorem .. The same idea can be used to prove the compactness of  due to the assumption (J ) and the Ascoli-Arzela theorem. The rest of the proof is similar to that of Theorem .. So we can obtain the following result. 
An example
In this section, we shall give one example to illustrate our theory. Further, we assume that ω satisfies: 
